Modelling of self-organizaton of microtubules in plant cells by Muratov, Alexander
 
 
 
 
 
 
 
 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT 
CELLS 
     
Alexander Muratov 
 
Dipòsit Legal: T 966-2014 
 
 
ADVERTIMENT. L'accés als continguts d'aquesta tesi doctoral i la seva utilització ha de respectar els drets 
de la persona autora. Pot ser utilitzada per a consulta o estudi personal, així com en activitats o materials 
d'investigació i docència en els termes establerts a l'art. 32 del Text Refós de la Llei de Propietat Intel·lectual 
(RDL 1/1996). Per altres utilitzacions es requereix l'autorització prèvia i expressa de la persona autora. En 
qualsevol cas, en la utilització dels seus continguts caldrà indicar de forma clara el nom i cognoms de la 
persona autora i el títol de la tesi doctoral. No s'autoritza la seva reproducció o altres formes d'explotació 
efectuades amb finalitats de lucre ni la seva comunicació pública des d'un lloc aliè al servei TDX. Tampoc 
s'autoritza la presentació del seu contingut en una finestra o marc aliè a TDX (framing). Aquesta reserva de 
drets afecta tant als continguts de la tesi com als seus resums i índexs. 
 
 
ADVERTENCIA. El acceso a los contenidos de esta tesis doctoral y su utilización debe respetar los 
derechos de la persona autora. Puede ser utilizada para consulta o estudio personal, así como en 
actividades o materiales de investigación y docencia en los términos establecidos en el art. 32 del Texto 
Refundido de la Ley de Propiedad Intelectual (RDL 1/1996). Para otros usos se requiere la autorización 
previa y expresa de la persona autora. En cualquier caso, en la utilización de sus contenidos se deberá 
indicar de forma clara el nombre y apellidos de la persona autora y el título de la tesis doctoral. No se 
autoriza su reproducción u otras formas de explotación efectuadas con fines lucrativos ni su comunicación 
pública desde un sitio ajeno al servicio TDR. Tampoco se autoriza la presentación de su contenido en una 
ventana o marco ajeno a TDR (framing). Esta reserva de derechos afecta tanto al contenido de la tesis como 
a sus resúmenes e índices. 
 
 
WARNING. Access to the contents of this doctoral thesis and its use must respect the rights of the author. It 
can be used for reference or private study, as well as research and learning activities or materials in the 
terms established by the 32nd article of the Spanish Consolidated Copyright Act (RDL 1/1996). Express and 
previous authorization of the author is required for any other uses. In any case, when using its content, full 
name of the author and title of the thesis must be clearly indicated. Reproduction or other forms of for profit 
use or public communication from outside TDX service is not allowed. Presentation of its content in a window 
or frame external to TDX (framing) is not authorized either. These rights affect both the content of the thesis 
and its abstracts and indexes. 
DOCTORAL THESIS
Modeling of Self-Organization of
Microtubules in Plant Cells
Alexander Muratov
Universitat Rovira i Virgili
Departament d’Enginyería Química
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
2UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
Alexander Muratov
MODELING OF SELF-ORGANIZATION OF
MICROTUBULES IN PLANT CELLS
DOCTORAL THESIS
Supervised by Dr. Vladimir Baulin
Departament d’Enginyería Química
Tarragona
2014
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
Acknowledgments
First, I would like to thank my PhD supervisor Dr. Vladimir Baulin for the opor-
tunity to do this PhD project, for many provided opportunities during doing this
project, for support during the work and for helpful advices. I am very grateful to
him for his kindness and guidance. Second, I would like to thank Dr. Josep Bonet
i Avalos and Dr. Allan D. Mackie for their support and helpfulness.
I would also like to specially thank Teresa Marmol for her priceless aid in solving
administrative issues. Another special thanks goes to my PhD coordinator Nuria
Juanpere for the patience and quickness in solving urgent questions. I would also like
to thank my former and present group colleagues for quiet and working atmosphere.
I specially appreciate the help of my ex-colleague Dr. Sergey Pogodin, who helped
me a lot during my first months in Spain.
Many thanks to all my Russian-speaking friends here in Spain and back in Russia
for sharing their spare time and priceless support. Apart from that I would also like
to thank my precious fiancée Gabriela - without her priceless help this work might
have never seen a light.
Last, but not least, I would like to express my deep gratefulness to my family and
especially to my mother Tatiana, my father Dmitry and my sister Arina.
Tarragona, February 2014.
5
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
Departament d’Enginyeria Química
Av Països Catalans, 26
43007 Tarragona
Tel. 977 558675
Fax. 977 559621
I STATE that the present study, entitled “Modeling of Self-Organization of Microtubules
in Plant Cells”, presented by Alexander Muratov for the award of the degree of Doctor,
has been carried out under my supervision at the Department of Chemical Engineering
of this university, and that it fulfils all the requirements for the Doctoral Degree.
Tarragona, 18 February 2014
Doctoral Thesis Supervisor
Dr. Vladimir Baulin
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
Acknowledgments
7
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
UNIVERSITAT ROVIRA I VIRGILI 
MODELING OF SELF-ORGANIZATION OF MICROTUBULES IN PLANT CELLS 
Alexander Muratov 
Dipòsit Legal: T 966-2014 
 
Abstract
Microtubules are ubiquitous elements of any eucaryotic cell, serving many functions
at different stages of its life. In plant cells they form so-called plant cell cortex,
where they are organized into parallel arrays. These arrays serve as a matrix of
synthesis of a plant cell wall, defining the direction of growth. Microtubule arrays
are sensible to tropic stimuli. However, the nature of such sensibility is still not
well established, although it has been investigated since 19th century. Here we pro-
vide a computational analysis of this phenomenon. Using both kinetic Monte-Carlo
simulations and theoretical investigation, we show that compression due to mechan-
ical stress may cause orientation of microtubules along major stress lines. We also
show that anisotropic distribution of chemical agents interacting with microtubule-
associated proteins also causes orientation of microtubules in the direction defined
by such stimulus. Such mechanisms are primarily connected with gravitropism but
similar reorientations of microtubules in response to light may suggest that these
mechanisms can also be relevant for other tropisms.
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1. Introduction
1.1. Microtubules’ properties and dynamics
Microtubules are important elements of the eucaryotic cell carrying out many func-
tions. In the interfase state microtubules are essential components on the cell’s
cytoskeleton, thus executing the locomotory function. In the cell division state the
most of microtubules are included into the mitotic spindle.
Microtubule is a hollow tube-like object with external diameter of twenty five nanome-
ters and internal diameter of fifteen nanometers. In eucaryotic cells microtubule
walls are consisted of thirteen longitudinal protofilaments, each of which is formed
by tubulin dimers [1]. Tubulin dimer has the measures of ten nanometers in width
and eight nanometers in height. In microtubule protofilaments are slightly shifted
respectively to each other, so they form a three-start helix (Consult Fig. 1.1) [2].
Figure 1.1.: Schematic view of a microtubule.
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Chapter 1 Introduction
Tubulin’s dimer is a polar molecule, consisting of two different, but nonetheless
very similar subunits: α-tubulin and β-tubulin [2]. Both subunits can bind with
GTP. In the microtubule polymerization process participate only those dimers, both
subunits of which are bounded with GTP (they are called T-dimers). Soon after
polymerization GTP in β-subunit is hydrolyzed, thus in microtubule wall in general
are found the dimers, whose α-subunit is bounded with GTP, and β-subunit – with
GDP (they are called D-dimers). The significant difference between T-dimers and
D-dimers consists in the fact that T-dimer has uncurved equilibrium conformation,
and D-dimer has distorted conformation with the equilibrium angle 0,2 [3, 4].
Figure 1.2.: Structure of microtubule plus-end in growth and shortening phases.
Picture taken from [1], http://www.ncbi.nlm.nih.gov/books/NBK28419/
Tubulin dimers polymerize not in an arbitrary way, but only by accession to β-
tubulin of a dimer α-tubulin of another dimer. Thereby all the microtubule is a polar
object, on one end of which α-monomers are localized (“minus-end”), and on another
end β-monomers are localized (“plus-end”). Dimers of a protofilament interact not
only with each other, but also with the dimers of the neighbor protofilaments [1].
These interactions are called lateral.
Protofilaments in a microtubule contact each other in such way, that generally
4
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1.1 Microtubules’ properties and dynamics
α-monomers of a protofilament contacts with α-monomers of another (Refer to
Fig. 1.1). But since microtubule is a three-start helix, a contact between protofil-
aments exists, where α-tubulin of a protufilament contacts with β-tubulin of an-
other, and vice versa. This contact is called “the seam”, and its existence allows
the protofilaments to be numbered [1]. If the microtubule is placed in a way when
its plus-end is on the top, then left protofilament in respect to the seam is usually
numbered the first, and the right protofilament is numbered evidential thirteenth.
Such kind of organization of microtubule is called B-lattice.
Microtubules are not always consisted of thirteen protofilaments. Microtubules, that
were assembled in vitro in the tubulin solution, may have the number of protofil-
aments ranging from twelve to seventeen. The number of starts in a microtubule
helix also may vary. The fact that in a living cell microtubule always has B-lattice
of a three-start helix and the number of protofilaments always equals thirteen, is ex-
plained by the presence of the ring-like fuse-patterns of γ-tubulin in the microtubule
organizing center [5].
The observations of the microtubules show that they are dynamic objects. On the
microtubule ends the processes of attachment and dis-attachment of dimers may
happen, in other words, the processes of polymerization and de-polymerization of a
microtubule. In the dynamics point of view microtubule may presence in two states:
polymerization (also assembling, also elongation or growing) and de-polymerization
(also disassembling, also contraction or shrinkage). Also so-called “pause” is dis-
tinguished, that is stable state, characterized by the absence of both assembling
and disassembling. The transition from the growing state to shrinkage state is
called “catastrophe”, the reverse process is “rescue”. The behavior of microtubules
is called dynamic instability, when the switchings between polymerization and de-
polymerization are very often (Consult Fig. 1.3) [6]. Plus-end of microtubules is
more dynamic than minus-end [3, 7]. In animal cells minus-end is usually attached
to γ-tubulin ring-like complex, while in plant cells minus-end is free [8]. The plus-end
is always free in all living cells.
The catastrophe of a microtubule may be connected with the change in conformation
of a tubulin dimer during the GTP hydrolysis in β-subunit. GTP hydrolysis happens
after the attachment of a dimer to microtubule, thus leading to the dimer’s intention
to distortion. Nevertheless, in microtubule dimers remain straight, not so much
due to their retaining by lateral interactions (which are much more weaker than
5
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Chapter 1 Introduction
Figure 1.3.: Example of the dynamics of a “plus-end” of a single microtubule.
Sample taken from [6].
Figure 1.4.: Examples of “ram horns” of a disassembling microtubules. Bar indi-
cates 100 nm. Picture taken from [9].
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1.2 Microtubule cortical arrays in plant cells
the longitudinal), but apparently more because of the presence on the plus-end of
the microtubule of several layers of tubulins, which are still not hydrolyzed – so-
called GTP-cap, which was proposed in 1987 by Mitchison and Kirschner [3, 7, 10].
Although this kind of structure was never observed in the experiments, its existence
is generally recognized. Indirectly its presence can be justified in the experiments
with tubulin bound with non-hydrolyzible analogue of GTP – GMPCPP. Therefore,
the GTP hydrolysis energy in conserved in microtubule wall as the energy on the
distortion of the dimers. Later, it is excelled with microtubule de-polymerization
[3].
The loss of the GTP-cap destabilizes the plus-end of microtubule and it starts to
disassemble. The different from the straight form of the D-tubulin molecules gives
the protofilaments on the plus-end of microtubule the form of the “ram horns”,
which is clearly seen on micro-photographs (Consult Fig. 1.4) [7, 9].
1.2. Microtubule cortical arrays in plant cells
Plant cells lack centrosome, a microtubule organizing center, which is found in
Figure 1.5.: Confocal laser scanning microscopy image of microtubules in plant
cell (tobacco BY-2 suspension culture cell). Green fluorescent protein linked to
α-tubulin. Bar indicate 10µm. Picture taken from [11].
animal cells, anchoring minus-ends of the microtubules and promoting the nucleation
of new microtubules. Microtubules in plant cells have their minus-end free and
it usually demonstrates slow shrinkage. Thus, the organization of microtubules
7
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Chapter 1 Introduction
Figure 1.6.: Schematic view of microtubule cortex in plant cell. Picture taken from
[12].
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1.2 Microtubule cortical arrays in plant cells
normally happens after the nucleation. In plant cells microtubules are organized
in parallel arrays which are adjacent to the cell’s membrane (See Fig. 1.5, Fig. 1.6)
[1, 13]. These arrays are called cell cortex and are sensitive to gravitropism or
other tropisms through the mechanism that is still unknown and they reorganize in
response to the change in environment [14, 15].
Cell cortex serves as a template for directed growth of cellulose microfibrils [16]. Cel-
lulose microfibrils are the main ingredients of external plant cell skeleton - cell wall
[1]. These microfibrils help to maintain the shape of plant cells and prevent cells from
exploding due to high internal turgor pressure [15]. As cellulose microfibrils have
high tensile strength, they provide the cell wall mechanical stiffness and strength
[15]. Thus since cellulose microfibrils in the cell wall are organized anisotropically,
the orientation of cellulose microfibrils arrays controls the anisotropy of the cell wall
[17].
Cellulose in plant cells is produced by cellulose synthase complexes (CSCs or rosettes),
which are multi-subunit enzymes [1]. These complexes are located at the plasma
membrane, where they add glucose molecules to the existing cellulose fibrils. It
was suggested that the movement of the rosette is guided by cortical microtubules,
which explains the collinearity between microtubules and cellulose fibrils in growing
cells [18, 19, 20]. Transmission electron micrographs show that cellulose microfib-
rils are oriented in the same direction with cortical microtubules (Refer to Fig. 1.7)
[21, 20]. Clearly microtubules regulate mechanical properties of cellulose microfib-
rils and other aspects of cellulose biosynthesis. A direct evidence exists [21, 22] that
microfibrils of cellulose in cell wall during plant growth are deposited in the same
direction as microtubules in the cell cortex. Various agents, such as microtubule de-
polymerizing drugs, ethylene or other agents, affect the orientation of microtubules
[23, 24, 25] and also cause consequent reorientation of cellulose microfibrils lead-
ing to the spherical form of a plant cell [26]. When microtubules are disrupted by
pharmacological or herbicide treatments or by mutation, cells stop elongating and
swell by expanding radially[24]. That is, anisotropy of the cell wall is provided by
cellulose microfibrils, and the cell wall becomes more rigid in the directional paral-
lel to arrays of cellulose microfibrils than in perpendicular direction. This way an
isotropic turgor pressure is transduced into directional cell growth [27, 28, 29, 23].
The direction of growth of a plant is defined by gravity, light, chemical or other
external stimuli. Such growth is called tropic growth, and the movements are called
9
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Chapter 1 Introduction
Figure 1.7.: A schematic view how cortical microtubules (CMT) guide the rosette,
cellulose synthesis complex (CSC) sitting in plasmatic membrane (PM) which
produces cellulose microfibril in the cell wall (CMF) parallel to CMT. Taken from
[20].
gravitropism, phototropism or chemitropism respectively. Despite different nature
of stimuli causing these tropisms, they have much in common, as they alter the
orientation of cortical microtubules, thus leading to the consequent reorientation
of cellulose microfibrils and the changing of the growth direction. In the further
description we will concentrate more on gravitropism, as it is quite well investigated
and is present in all plants from algae to higher plants [14].
Cells and their constituents, such as molecules, their aggregates and organelles, are
too small to sense the gravitational field directly, however tissues of roots or shoots
of many plants are able to sense the direction of gravity with the help of statocytes,
specific cells located in the growing tip of roots or shoots [14]. Statocytes can
efficiently perceive the direction of the gravity and direct plant growth along the
gravity vector. Directed growth is observed only in the presence of gravitational
or centrifugal force and disappear in the absence of gravity or when the direction
of gravity is altered [30, 15]. The perception of gravity in statocytes is usually
attributed to amyloplasts, macroscopic, heavy organelles that sediment in a lower
part of the cell [14, 30, 31] in root gravitropism and can exhibit saltatory upward
movements in shoot gravitropism [17, 31].
Sedimenting amyloplasts inside statocytes are probably the main driving force for
root gravitropism. Since the radius of amyloplasts, , is about few microns [32, 33],
their concentration corrected for buoyancy is ∆ρ = 0.5 g/ml [34] and g ≈ 9.8
m/s, the resulting sedimentation force of one amyloplast at the bottom of the cell
is ∆ρg(4/3pi)r3 ∼ 1 pN [35]. Thus, the gravitational force of sedimenting amylo-
plasts may not be sufficient for global changes or significant deformations of the
10
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1.3 Models for investigation of microtubule orientation
cell wall, which can sustain pressures of MPa [36], but it may be enough to trig-
ger local changes, for example, local deformations of cell constituents e.g. cortex
endoplasmatic reticulum [37]. Several hypothesis aim to explain the mechanism of
transduction of the gravity signal to the elongation of the root in the direction of
the gravity vector, ranging from activation of ion channels in the endoplasmatic
reticulum [38, 37], to release of Ca2+ ions [39, 38, 15, 31]. The most common con-
cept is that amyloplast sedimentation causes alternation of auxin flux, which causes
reorientation of microtubules [40, 41, 42, 43]. Most probably, gradients in hormonal
fluxes change the stability of MTs depending on their direction [44, 45, 43]. It is nec-
essary to mention that the elongation takes place in the epidermis, which is distant
of the coot cap by several mm, or ∼ 20 cell layers [39, 38, 31] (See Fig. 1.8). Similar
reorientations of microtubules in response to light [46] and mechanical deformation
[47] may suggest that such mechanism can also be relevant for other tropisms.
In turn, there is an evidence that microtubuless respond directly to mechanical stress
of the cell [48, 47, 15]. It can be directly observed during phyllotaxis in shoot apical
meristem [28, 49, 50]. This suggests that microtubuless might feel mechanical stress
and reorient themselves inducing anisotropic cellulose deposition. Such mechanism
is also observed in the experiments with shoot apical meristem compression, laser
ablations of its cells or weakening of the cell wall [28, 51, 52].
For directional growth the orientation of microtubules is essential. They are reported
to be aligned along main stress lines even in cells of root apical meristem, where
gravitropism does not play any role [28, 15]. They were also reported to reorient to
transverse arrays in hypocotyl cells [53]. The main question is how do they actually
perceive pressure and remain aligned in a growing cell - that is necessary for synthesis
of cellulose microfibrils for further direction of the growth - is still open [23, 41, 15].
1.3. Models for investigation of microtubule
orientation
Different models describing the behavior of a microtubule array have been previously
described in the literature [54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68,
69, 70].
11
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Chapter 1 Introduction
Figure 1.8.: A model for plant cell elongation and microtubules reorientation due
to amyloplasts sedimentation in statocytes.
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1.3 Models for investigation of microtubule orientation
In the model by Tabony and Job and its later variations microtubule cell cortex
was considered as a chemically dissipative structure. Such structures may actually
be responsible for self-organization and pattern formation - nonlinearities during
formation of solutions lead to bifurcations and instabilities, what, in turn, causes
formation of self-organized states of different morphology. In the described model
gravity was considered as the reason for symmetry breaking, thus leading to the
formation of an array oriented perpendicular to gravitational field. However, it is
highly doubtful that microtubule array may be treated as chemically dissipative
structure [54, 55, 56, 57, 58]. Although a single microtubule stores a significant
amount of energy inside its structure [3, 4, 71], the presence of differences in tubulin
concentration during cortex formation or any kind of chemical waves has been never
observed experimentally. Moreover, a microtubule is too small to sense gravity.
In the model by Dogterom and Liebler microtubules have been nucleated by a flat
surface for an analysis of their growth through dynamic instability. They remained
attached to that surface by their minus-end growing in the direction perpendicular to
the surface (See Inset of Fig. 1.9). The model predicts the existence of two states of
growth of an isolated microtubule: bounded (b), when the average length of micro-
tubule remains stable through time, and unbounded (u), when the length increases
infinitely (Consult Fig. 1.9). It also shows that dense structures comprised of micro-
tubules can exist depending on the parameters defining the dynamic instability of
microtubules [59].
A group of models was proposed where filaments in cytoskeleton were considered
motile, i.e. able to change their orientation [60, 62, 63, 64, 66]. Although it may
be consistent for actin cell cortex present in animal cells, for instance in fibroblasts
[60], this hypothesis is hardly appropriate for microtubules in plant cells. In some
works microtubule movements are connected with the action of molecular motors
[64, 66]. However, it is valid mostly for centrosomal microtubules in animal cells,
while in plant cells microtubules are attached to plasmatic membrane.
In 2004 Dixit and Cyr introduced a Monte-Carlo model for investigation of interac-
tions between microtubules corresponding to the experiments they had carried on.
In their model they have simulated 20 microtubules and have shown that angle-
dependent rules for intermicrotubule interactions are necessary and sufficient to
facilitate the self-organization of microtubules. They considered only the plus-end’s
growing and shrinkage, thus the minus-end has been fixed in their model [61].
13
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Chapter 1 Introduction
Figure 1.9.: Examples of dynamic instability of a single microtubule in the model
of Dogterom and Liebler: bounded (b) and unbounded (u) growth. Dotted lines
show average length over many microtubules. Inset: a schematic view of a surface
generating microtubules. Picture taken from [59].
In the next model by Baulin et al. dynamic instability has been ignored, while
the collisions between microtubules have been paid more attention. In this model
microtubules are lying on a two-dimensional surface, their plus-ends are constantly
growing while their minus-ends are constantly shrinking. In case of the collision be-
tween microtubules the growth of a colliding microtubule is stopped by a blocking
one. The model shows that ordered structures and patterns can be induced from an
initially isotropic and homogenous suspension. Microtubules can form highly but
randomly oriented domains that grow and compete with each other. The stability
of the domains is defined by long an old microtubules. Authors have also identified
two control parameters and shown that even a weak orientational bias is enough to
cause the global orientation of microtubules [65]. It may be noted, however, that
not all essential properties of microtubules have been introduced in this model; in
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1.3 Models for investigation of microtubule orientation
particular, dynamic instability of microtubules hasn’t been included. The orienta-
tion of microtubules has been caused only by their collisions. Nevertheless, their
dynamic properties are also very important, as it was shown in Ref. [59].
Shi and Ma in their work have proposed a minimal model for an investigation of
a phase behavior of microtubule model. The model unites microtubule dynamics
with intermicrotubule interactions. Using Monte-Carlo simulations along with the-
oretical calculations they have shown that single microtubule dynamics can control
self-organized patterns of cortical microtubules. They have built a phase diagram
determining the parameters under which ordered arrays are formed. From biolog-
ical point of view their results can be interpreted as the possible evidence of a
essential regulation of microtubules dynamic instability parameters by microtubule-
associated proteins, so-called MAPs. This fact can be indirectly proven by in vivo
experiments [67].
Tindemans, Hawkins and Mulder examined a possible mechanisms that can drive
alignment of microtubules. They presented both coarse-grained theoretical model
and stochastic Monte-Carlo simulations. In their model they considered three pos-
sible outcomes of inter-microtubule collisions: crossover, induced catastrophe and
so-called “zippering”, or the entrainment of the plus-end of the colliding microtubule
by the blocking microtubule (Consult Fig. 1.10). It is necessary to note that minus-
ends of microtubues are fixed in this model. Authors have introduced a control
parameter defined by intrinsic parameters of microtubiles and by nucleation rate.
They have analyzed thoroughly stationary isotropic phase, defining its limits of sta-
bility, and have solved the simplified model for ordered state. They have also shown
that catastrophe-inducing collisions are sufficient to cause the ordering [68, 72].
Completely different conclusion has been made in the article by Allard et al. They
have constructed almost the same model as Tindemans et al. with the only dif-
ference: minus-ends of microtubules remained unstable, thus microtubules were
“threadmilling”. They managed to show that in this case catastrophe-inducing col-
lisions do not lead to self-organization of microtubules into parallel arrays, while
zippering does. They have also indicated that changes in dynamic-instability pa-
rameters modify self-organization, which, in turn, is in good correspondence with
the results by Shi and Ma and by Tindemans et al. Authors also managed to show
that microtubule-independent nucleation must dominate [69].
Apart from that, in the article by Eren et al. the authors have introduced a three-
15
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Figure 1.10.: a) Schematic overview of the effects and parameters included in the
model by Tindemans, Hawkins and Mulder; b) Angle dependence of possible
outcomes of collisions in their model. Picture taken from[68]
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1.3 Models for investigation of microtubule orientation
dimensional model with the account for microtubules’ dynamic instability and in-
termicrotubule interactions for the investigation of forming oblique arrays. They
have shown that boundary conditions conditions at the end walls are important for
stabilizing the system, but not as much as intermicrotubule interactions. However,
dynamic instability parameters in their model were not able to generate oblique
micrutubule arrays [70].
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2. Ordering of microtubules:
problem statement, methods and
the model
2.1. Problem statement
As we have shown in sec. 1.3, the models presented so far have clarified our under-
standing of how microtubules form parallel arrays. However, most of them explain
only the existence of the orientation of microtubules. The question why micro-
tubules orient along major stress lines or how they reorient in response to changes
in the environment remains open. Models by Tindemans et al. and by Allard et al.
concentrate mostly on the investigation of collision rules, they predict the existence
of the stable oriented state under certain conditions [68, 72, 69]. The existence of
the same state is also predicted in the model by Shi and Ma [67]. However, these
models do not explain the orientation of microtubules in the direction perpendicular
to the growth axis. Neither they explain the action of the external stimuli, such as
mechanic deformation or action of the hormones. In the model by Baulin et al. it
has been shown that external stimuli can affect the microtubules, but the nature
of the action of those stimuli remained undefined in their model. Moreover, this
model lacked dynamic instability - an important quality of microtubules [65]. In the
model by Eren et al. an attempt was made to investigate the role of the geometry
- however, the authors haven’t explored sufficiently enough the conditions when it
the orientation may happen [70].
Computational methods along with mathematical analysis may provide a power-
ful tools for description of biological systems and for explanation of the observed
phenomena. In this work we are using analytical calculations for exploration of
properties of microtubule arrays. We are also using Monte-Carlo simulations for the
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Chapter 2 Ordering of microtubules: problem statement, methods and the model
investigation of:
• The influence of mechanical stress on the orientation of microtubules;
• The effects of hormones’ action on microtubule arrays;
• The combined impact of mechanical stress along with hormones’ action on the
cortex of microtubules.
2.2. Methods
According to the minimal model described in Ref. [65], a microtubule is a rigid
rod that can grow at a plus-end and shorten at a minus-end. The collisions with
other microtubules perturb the growth of microtubules, which itself is sufficient
to induce a global order in the system without even excluded volume effects that
are necessary for ordering in ordinary lyotropic liquid crystals, which comes from
purely collective and kinetic interaction between microtubules. However, this model,
due to its simplicity, assumes infinite and unrestricted growth of perfectly aligned
microtubules, thus the model should include dynamic instability of the plus-end,
which would lead to a stationary state of ordered micotubules[67, 68, 72].
Thus, in contrast to Ref. [65], our model is a three-state model, where microtubule
may exist in the growing state (g), shrinking state (s) and blocked state (d), which
is similar to Refs. [68, 72]. The length and the position of each microtubule change
with time. Every time interval ∆t the minus-end of each microtubule is shortened
by v−∆t, where v− is the speed of shrinkage of the minus-end. The speed of elonga-
tion of the plus-end is vg and the speed of shrinkage is vs. The plus-end of initially
growing microtubule can experience catastrophes with the rate Pc and rescues with
the rate Pr, can be blocked due to collisions with the rate Pb and unblocked with the
rate Pub, thus providing stochastic oscillations of microtubule length. If the length of
a microtubule goes to 0, it disappears, while new microtubules are created with the
nucleation rate Pn (Figure Fig. 2.2). The balance between growing and shrinking,
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2.2 Methods
Figure 2.1.: Microtubule dynamics presented in the model. A) Overview of the ar-
ray of microtubules. B) Minus-end shrinkage. C) Plus-end shrinkage and growing.
D) Blocking of the growth of one microtubule by another.
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Chapter 2 Ordering of microtubules: problem statement, methods and the model
nucleation and disappearing of microtubules in a steady state insures dynamic sta-
bility of the average number of microtubules and their average length. The values of
parameters are given in Tab. 2.1. If a microtubule occasionally intersects any other
microtubule, the growth step is rejected and the microtubule passes from growing to
blocked state b. The shrinkage and growth can be reversed stochastically according
to the given probabilities. Thus, every time step the length of a microtubule either
increases (in state g) by (vg − v−)∆t or decreases (in state s) by (vs + v−)∆t or
decreases (in state b) by v−∆t in a blocked state (Figure Fig. 2.2). The model by
Allard et al. [69] includes complex collision rules, requiring the introduction of a
critical entrainment angle Θz. However, collision-induced catastrophes alone can
induce a global ordering and we use such simple description.
Parameter Dimension Value
Plus-end growth rate vg nm/s 70− 100
Plus-end shortening rate vs nm/s 200− 230
Minus-end shortening rate v− nm/s 15− 40
Catastrophe probability Pc 1/s 40− 80× 10−3
Rescue probability Pr 1/s 124× 10−3
Nucleation rate Pn 1/s 5000
Table 2.1.: The parameters used for similations. These parameters are based on
experimental data by Dixit et al. [61] and Shaw et al. [8].
For computations we use Monte-Carlo simulations - a powerful tool for calcula-
tions of unknown probabilistic entity, in our case - for estimation of ordering of
microtubules. Monte-Carlo methods are widely used in physical or mathematical
problems and are most useful when deterministic algorithm can not be implied.
They are especially useful for simulating phenomena with significant uncertainty in
inputs and systems with a large number of coupled degrees of freedom.
In mathematics, Monte-Carlo methods are used in general to solve various problems
by generating suitable random numbers and observing that fraction of the num-
bers that obeys some property or properties. The most common application of the
Monte-Carlo method is Monte-Carlo integration. The method is useful for obtaining
numerical solutions to problems too complicated to solve analytically.
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Growing state
Shortening state Blocked state
Plus-end
Plus-end
Plus-end
Minus-end Minus-end
Minus-end
Blocking
MT
Pr Pub
PbPc
Pc
Figure 2.2.: Schematic image of the states in which microtubules persist and
switching between the states.
In physics Monte-Carlo simulations are usually used for solving multibody prob-
lems. Monte-Carlo methods are very important in computational physics, physical
chemistry, and related applied fields, and have diverse applications from complicated
quantum chromodynamics calculations to designing heat shields and aerodynamic
forms. In statistical physics Monte Carlo molecular modeling is an alternative to
computational molecular dynamics, and Monte Carlo methods are used to compute
statistical field theories of simple particle and polymer systems[73]. Quantum Monte
Carlo methods solve the many-body problem for quantum systems. In experimental
particle physics, Monte Carlo methods are used for designing detectors, understand-
ing their behavior and comparing experimental data to theory. In astrophysics, they
are used in such diverse manners as to model both the evolution of galaxies [74] and
the transmission of microwave radiation through a rough planetary surface [75].
Monte Carlo methods are also used in the ensemble models that form the basis of
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Chapter 2 Ordering of microtubules: problem statement, methods and the model
modern weather forecasting.
In computational biology and biophysics Monte-Carlo methods compete with Molec-
ular Dynamics. Monte-Carlo methods are used for solving problems ranging from
microscopic (e.g. studying the properties of proteins or membranes [76, 77]) to
mesoscopic (e.g. simulations of ogranelles’ movements [78]) and macroscopic scale
(e.g. for simulation breast cancer screening programmes [79]).
2.3. Theoretical model
To get more strict mathematical description of the model and to compare it more
thoroughly with the other models it is possible to introduce a theoretical “coarse-
grained” analysis similar to those described by Baulin et al. or by Allard et al. We
are using it to show similiarities and differences of the models described in sec. 1.3.1
We consider that the seeds of new microtubules are nucleated homogeneously and
with random angles. Microtubules cannot change their orientation, but they can
change their states between growing (g), shortening (s) and blocked (b). Introducing
the corresponding surface concentrations, cg, cs and cb, the total length concentration
k(Θ, t) can be written in the following form:
k(Θ, t) =
∞ˆ
0
ldl[cg(l,Θ, t) + cs(l,Θ, t) + cb(l,Θ, t)]. (2.1)
1Although the words “coarse-grained analysis” may be confusing, as they are usually referred to
those models in which aggregates of small molecules are introduced as one big particle (“grain”),
we are calling our approach “coarse-grained” following established tradition. See, for example,
[68].
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2.3 Theoretical model
A set of evolution equations is written as
∂cg
∂t
=− vg ∂cg
∂l
+ Prcs − Pccg
+ v−
∂cg
∂l
− Pbcg + Pub(cσ, k)cb, (2.2)
∂cs
∂t
=vs
∂cs
∂l
− Prcs + Pccg
+ Pccb + v−
∂cs
∂l
, (2.3)
∂cb
∂t
=v−
∂cb
∂l
+ Pbcg − Pccb
− Pub(cσ, k)cb. (2.4)
where Prcs = Φr[cs] and Pccg = Φc[cg] along with Pccb = Φc[cb] are the spontaneous
flux terms [72] responsible for rescue and catastrophe respectively; −vg ∂cg∂l = Φg[cg],
vs
∂cs
∂l
= Φs[cs] and v− ∂cb∂l = Φ−[cb] describe fluxes caused by growth and shrinkage
of plus-end and shortening of minus-end respectively [59, 65, 72, 68]. Blocking term
is determined by the collisions between microtubules when a growing microtubule
collides with another microtubule with a rate Pbcg(Θ) = v+cg(Θ)
´
dΘ′ sin |Θ −
Θ′ |k(Θ′) = Φb[cg, k], where sin |Θ − Θ′ | defines the cross section of collisions. This
term reminds the second virial coefficient of the Onsager theory [80], but has a
completely different physical origin. The unblocking term Pub(cσ, k)cb is connected
with the possibility of a previously blocked plus-end of a microtubule to restart its
growing due to disassembly of a blocking microtubule, no matter if it is a shrinkage of
a plus-end or shortening of a minus-end. It is related to the concentration cb(l, t,Θ)
as following Pub(cσ, k)cb(Θ) = Φub[cb, cσ, k].
The initial conditions are the following: at $t=0$ the concentration of shortening
and blocked microtubules are equal zero cs(l, 0,Θ) = 0, cb(l, 0,Θ) = 0 while cg
is connected with the nucleation rate Pn as (vg − v−)cg(0, t,Θ) = Pn(Θ)2pi , cg(l >
0, 0,Θ) = 0.
The first model [65] lacked dynamic instability, that means it was missing Φc and
Φr terms in eqs. 2.2-2.4, which are responsible for stabilization of the length of
microtubules in ordered arrays and thus these terms are essential for the stationary
state in ordered arrays. The model by Hawkins at. al. [72] lacks the minus-end
disassembly, i.e. terms Φ−, Φb and Φub, but it includes Φinducedcat., Φzipper and
Φreactivation. It’s possible to connect their population of "inactive” segments with the
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Chapter 2 Ordering of microtubules: problem statement, methods and the model
population of blocked segments. It is noteworthy, that "zippering" in this model is
similar to "blocking" described by the present model, where reactivation occurs due
to disassembly of a blocking microtubules, in contrast to disassembly of an active
segment of the microtubule in zippering event.
To get a control parameter that defines the behavior of the system, eqs. 2.2-2.4 can
be rewritten as:
∂cg
∂t
+ (vg − v−)∂cg
∂l
=− (Pc + Pb)cg
+ Prcs + Pubcb, (2.5)
∂cs
∂t
− (vs + v−)∂cs
∂l
=− Prcs + Pc(cg + cb), (2.6)
∂cb
∂t
− v−∂cb
∂l
=− (Pc + Pub)cb + Pbcg. (2.7)
The sum of these equations gives
∂
∂t
(cg + cs + cb) +
∂
∂l
((vg − v−)cg − (vs + v−)cs − v−cb) = 0. (2.8)
The steady state implies time derivatives to be equal to zero, leading to the following
flux balance equation
(vg − v−)cg(l,Θ) = (vs + v−)cs(l,Θ) + v−cb(l,Θ), (2.9)
or in a more convenient form
vgcg − vscs = v−(cg + cs + cb). (2.10)
To simplify these equations even more, we assume that the probabilities Pc and Pr
are small (see Tab. 2.1), thus the related terms in eqs. 2.5-2.7 may be neglected.
This means that shortening microtubules either do not present ,or their length dis-
tribution is constant, thus eq. 2.10 yields in the form
(vg − v−)cg(l,Θ) = v−cb(l,Θ). (2.11)
Thus, the dimensionless parameter
α = v−
vg − v− , (2.12)
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2.3 Theoretical model
can be regarded as a control parameter. It coincides with the corresponding control
parameter in Ref. [65]. Following the same notations, v = vg − v−, α = v−v . Thus,
eqs. 2.5-2.7 corresponding to steady state can be rewritten as follows,
v
∂cg
∂l
= −Pbcg + Pubcb, (2.13)
−αv∂cb
∂l
= −Pubcb + Pbcg. (2.14)
Probabilities Pb and Pub are length-independent, thus the solution of this system of
differential equations has the following form:
cg(l,Θ) = A(Θ)e−l/l, (2.15)
cb(l,Θ) = B(Θ)e−l/l, (2.16)
where
1
l
= Pb
v
− Pub
αv
, (2.17)
A(Θ) = αB(Θ). (2.18)
It is noteworthy that 1/l is similar to the growth parameter introduced by Hawkins
et al. [68, 72].
As it was possible to separate the variables in the solution for the steady state in
this simplified model, one can actually show that the changes in the shape of the cell
lead to anisotropy. In the work of Baulin [65] it was shown that growth parameter
causes the system to persist in different regimes depending on its value: chaotic
or ordered; it also accounts for the model presented above. Anisotropy of the cell
will cause the angle dependence of both blocking rate Pb and nucleation ratePn.
The unblocking probability Pub is angle-independent. This inhomogeneity will yield
different growth parameters g for different angles, causing even different regimes
of system’s persistence at different angles. This different regimes may compete
with each other, but one of them will inevitably be in a preferred position due to
anisotropy of nucleation.
In the model by Hawkins et al. [65, 72, 68] the minus-end shrinkage speed equals
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Chapter 2 Ordering of microtubules: problem statement, methods and the model
to zero, hence eq. 2.10 yields in the following form
vgcg(l,Θ) = vscs(l,Θ). (2.19)
This equation along with the equations, describing the evolution of the system, gives
the growth parameter g:
g = Pr
vs
− Pc
vg
, (2.20)
which characterizes the noninteracting system. This expression corresponds to eq.
2.17 up to notations. "Rescue" is effectively corresponds to unblocking in our model,
while "blocking" corresponds to catastrophes.
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3. Results
3.1. Influence of a mechanical stress on the ordering
of microtubules
Cortex microtubules attached to the cell wall may form stationary states of oriented
domains or stay in disordered state depending on the rates of growth and shrinkage,
catastrophe rates and concentration[67, 68, 72]. Mechanical stretching or compres-
sion of the cell wall anisotropically changes the distance between the microtubules,
thus affecting the concentration in the direction of applied force. This, in turn, may
induce orientation in disordered arrays or reorient microtubules in ordered arrays.
In the following, we investigate the effect of stretching and compression on these
two initial stationary states, (i) isotropically oriented, disordered array of micro-
tubules and (ii) oriented domains of microtubules are then subject to stretching and
compression (See Fig. 1.8).
3.1.1. Compression-induced orientation in disordered arrays
Set of parameters corresponding to initially disordered arrays (Table Tab. 3.1) leads
to formation of stationary disordered state, characterized by the balance between
growing, shrinking and blocked microtubules. Thus, stationary average total number
of microtubules is provided by the balance between microtubules, that disappear due
to collisions with other microtubules or due to catastrophes events, and new-born
microtubules appearing with random directions. Freshly appearing microtubules
correspond to nucleation sites that are fixed in the cortex, thus we assume that the
total number of new-born microtubules per time step and per area is kept constant.
However, stretching or compression change the distance between nucleation sites
and thus, the nucleation rate, being inversely proportional to the area, may vary
with the direction.
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Chapter 3 Results
Parameter Dimension Value
Plus-end growth rate vg nm/s 70
Plus-end shortening rate vs nm/s 225
Minus-end shortening rate v− nm/s 15
Catastrophe probability Pc 1/s 64× 10−3
Rescue probability Pr 1/s 124× 10−3
Nucleation rate Pn 1/s 5000
Table 3.1.: The parameters used for similations of a disordered array. These pa-
rameters are based on experimental data by Dixit et al. [61] and Shaw et al.
[8].
Stationary disordered array of 10×10µm2 (Fig. 3.1A)) is compressed in one direction
by two times (Fig. 3.1B)). This compression provokes orientation of microtubules in
the direction of compression. In contrast, the stretching by two times of the array
does not lead to orientation. This goes inline with the observations of microtubule
orientation perpendicular to the gravity vector in gravitropism in roots [40] and may
be related to coordinated patterns of microtubule arrays governed by mechanical
stress [29].
The degree of microtubule orientation can be described by the nematic order pa-
rameter, which is proportional to the cost function σ(Θ) = cos2(Ω−Θ), where Θ is
the direction of the director and Ω is the direction of individual microtubule and the
bar signifies the ensemble average. However, microtubules has intermittent length
and the ordering of the domains is determined by long microtubules [65]. Thus, the
cost function should include the length and we use the following function [65]
σl(Θ) = l2cos2(Ω−Θ). (3.1)
With this, an anisotropy ratio Sl can be defined as [65]:
Sl =
σ(Θmax)− σ(Θmin)
σ(Θmax) + σ(Θmin)
(3.2)
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Figure 3.1.: Snapshots of microtubule arrays (only 1000 longest microtubules are
shown) evolving from A) initially homogeneous and isotropic array 10 × 10µm
under B) compression and C) stretching. Shrinking microtubules (state s) are
shown in blue, other microtubules (state b and g) are shown in red. Bar indicates
1µm.
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Chapter 3 Results
A)
B)
Figure 3.2.: For initially isotropic array in Fig. 3.1: A) Dominaiting angle versus
simulation timestep; B) Anisotropy ratio versus simulation timestep.
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3.1 Influence of a mechanical stress on the ordering of microtubules
and the dominant angle is given by [65]:
tan2Θl =
l2sin2Ω
l2cos2Ω
. (3.3)
The anisotropy ratio Sl and the dominant angle Θl as function of time are given in
Fig. 3.2A) and B).
3.1.2. Stretching-induced disorientation in ordered arrays
Parameter Dimension Value
Plus-end growth rate vg nm/s 80
Plus-end shortening rate vs nm/s 200
Minus-end shortening rate v− nm/s 40
Catastrophe probability Pc 1/s 64× 10−3
Rescue probability Pr 1/s 124× 10−3
Nucleation rate Pn 1/s 5000
Table 3.2.: The parameters used for similations of an ordered array. These pa-
rameters are based on experimental data by Dixit et al. [61] and Shaw et al.
[8].
Once a stationary ordered array is formed (Fig. 3.3A)), the orientation of the array
is governed by longest microtubules [65], which are also the oldest microtubules,
and thus having biggest life expectancy and hence more persistent. Since the angles
of microtubules in this model are irrevocably fixed during the life cycle, changing
the direction of the ordered array implies disassemble of these leading microtubules,
which may require collisions with domains with even longer microtubules. Thus,
compression of the ordered arrays only increases the distance between microtubules,
that may increase the order, but may not lead to disassemble of microtubules. This is
shown in Fig. 3.3B) and the corresponding plot of the dominant angle and anisotropy
ratio Sl, Fig. 3.4.
In turn, stretching of the cortex increase the distance between microtubules, thus
new-born microtubules may grow longer before they collide with the dominant mi-
crotubules and bring more random orientations into arrays. Fig. 3.3C) and Fig. 3.4
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Figure 3.3.: Snapshots of microtubule arrays (only 1000 longest microtubules are
shown) evolving from A) ordered array 10× 10µm under B) compression and C)
stretching. Shrinking microtubules (state s) are shown in blue, other microtubules
(state b and g) are shown in red. Bar indicates 1µm.
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3.1 Influence of a mechanical stress on the ordering of microtubules
show that stretching may considerably reduce the order in the arrays, and, in prin-
ciple, may lead to complete disorientation of the arrays.
Both effects, disorientation of the arrays due to stretching and orientation induced by
compression, may work together to help to reorient microtubule arrays in response
to mechanical stress on the cortex.
3.1.3. Length distribution
The detailed balance model introduced in sec. 2.3 shows that the length distribution
of microtubules in steady state is exponential which is consistent with the previous
model [65].
Simulations also show the exponential length distribution, Fig. 3.5. The lengths
in disordered array (squares) are shorter than in ordered array (circles). This is
the manifestation of the fact that microtubules in ordered arrays are more aligned
parallel to each other and hence have less mutual collisions, that reduce their lengths.
Now we are able to compare the results of simulations with theoretical predictions.
In ordered arrays α = v−/(vg − v−) = 0.9. Parameters listed in Tab. 3.2 lead to
Pb = 0.3 and Pub = 4 × 10−2 and thus 1/l = Pbvg−v− − Pubv− = −0.6. Meanwhile
the slope in Fig. 3.5 (circles) is −0.5. Theoretical analysis shows that α defines the
quotient of blocked microtubules to growing microtubules, thus the value 1/(1 + α)
describes the percentage of blocked microtubules in the general number of micro-
tubules (the number of shortening microtubules is still considered negligible). This
rate in simulations is estimated as 0.6, while detailed balance estimation gives 0.52.
The values of Pb and Pub are comparable with the values of catastrophe and rescue
rates Pc and Pr, thus the difference between theoretical and experimental data may
be explained.
In disordered arrays the values for Pb and Pub are estimated as 0.2 and 4 × 10−2
correspondingly. It is notable that these possibilities do not differ much from those
obtained for ordered arrays - that means that difference in regimes is primarily
determined by dynamic properties of microtubules. Detailed balance estimation
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Chapter 3 Results
A)
B)
Figure 3.4.: For initially isotropic array in Fig. 3.3: A) Dominaiting angle versus
simulation timestep; B) Anisotropy ratio versus simulation timestep.
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3.2 Chemical effects on the ordering of microtubules
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Figure 3.5.: Length distribution of microtubules for ordered (circles) and disor-
dered (squares) states. Linear fitting shows exponential dependence.
gives 1/(1 + α) = 0.8, 1/l = 0.1 for disordered array, while simulation give 0.7 and
0.8 respectively. The discrepancy is due to catastrophes and rescues rates that are
neglected in detailed balance estimates, but are more important than in ordered
state.
3.2. Chemical effects on the ordering of microtubules
Chemical agents, such as hormones (e.g. auxin [41]) or ethylene, are often reported
to modify microtubule dynamics. The nature of this event is not yet clear, but it
may be suggested that chemical agents catalyse or inhibit the action of microtubule-
associated proteins (MAPs), and this changes are connected with concentrational
gradients. These proteins change dynamic parameters of microtubules, generally
affecting growth velocities or catastrophe rates. The action of chemical agents may
form different paterns within a plant cell, leading to assymetric growth. Although
previously it has been shown that changes in dynamic instability parameters are not
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Chapter 3 Results
sufficient to generate oblique microtubule arrays [70], we try to test this hypothe-
sis once again, as we believe that former negative result was connected with the
complexity of the model.
We propose that chemical agents influence dynamic instability parameters, such as
catastrophe rate. Concentrational gradient of chemical agent leads to polarity and
anisotropy in the values of catastrophe rate. It becomes higher in the direction
along concentrational gradient. This idea is actually consistent with experimen-
tal data presented in literature: for instance, auxin has been identified to generate
polarity in distribution of auxin transporters, proteins of PIN family [51]. These
proteins are linked with microtubule orientation regulator CLASP [81, 82, 83] and
with microtubule-associated protein MAP65 [84]. Such a mechanism may regulate
correlation between orientation of cortical microtubules and concentrational gradi-
ent.
3.2.1. Orientation and reorientation of microtubules due to the
action of chemical agents
Two sets of parameters are picked to provoke spontaneous organization of microtubulesTab. 3.3.
An increase in catastrophe rate along one chosen direction eliminates old micro-
tubules oriented in this selected direction, while microtubules oriented in the op-
posite direction are expected to persist for longer time. Oldest microtubules are
also the longest ones, thus guiding the orientation of the whole array. To test this
more thoroughly we change the polarity of chemical agent once the orientation is
established. This change indeed leads to reorientation, what is shown in Fig. 3.6 and
Fig. 3.7.
Parameter Dimension Value
Plus-end growth rate vg nm/s 100
Plus-end shortening rate vs nm/s 200 225
Minus-end shortening rate v− nm/s 40 15
Catastrophe probability Pc 1/s 45− 85× 10−3
Rescue probability Pr 1/s 124× 10−3
Nucleation rate Pn 1/s 5000
Table 3.3.: The parameters used for similations. These values are based on exper-
imental data by Dixit et al. [61] and Shaw et al. [8].
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3.2 Chemical effects on the ordering of microtubules
First set of parameters lead to slower reorientation: although anisotropy ratio soon
recovers its high value (See Fig. 3.7B)), it takes a lot of time for microtubules to
reorient, as it may be seen in the Fig. 3.7A). Eventually the system reaches the state
shown on Fig. 3.6B), but takes around 10000 steps.
An important conclusion can be made: as shortening microtubules shrink with the
same rate vs + v− = 240 nm/s, the difference in reorientation behaviour is primarily
defined by populations of blocked and growing microtubules. Thus, as it has been
predicted by theoretical analysis, parameter α = v−
vg−v− serves as critical in this case.
On the graph of anisotropy ratio (Fig. 3.7A)) an intermediate state is clearly seen.
It corresponds to the state when old orientation has already been destroyed and
a new one has not yet been formed. This state may be particulary interesting as
microtubules in such state may form domains, as it was shown in [65]. We analyse
domain existence for both sets of parameters. For second set , as it can be easily
seen, domains ao not exist (See Fig. 3.8B)). Results for first set we analyse with
introducing of the space anisotropy ratio. For its calculaton we split our simulation
box to smaller “cells” and then calculate anisotropy ratio inside each “cell”, taking
into account only the microtubules inside it. The results are present on Fig. 3.8.
This results mean that polar action of chemical agents may lead to orientation of
microtubue array, and the change in this action may lead to reorientation. The
process of reorientation involves the formation of domains.
3.2.2. Pattern formation
Another interesting case is the formation of local patterns for an anisotropic cell
growth. To investigate such a case we generate a concentrational gradient only
locally, not covering all the simulation area. In that specific area a domain’s creation
will be provoked.
We investigate a case when concentrational gradient provokes the emergence of a
circular domain, i.e. a domain where microtubules are aligned along tangents to
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Figure 3.6.: Microtubules A) before and B) after reorientation. Only 1000 longest
microtubules are shown. Bar indicates 1µm.
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3.2 Chemical effects on the ordering of microtubules
A)
B)
Figure 3.7.: For two sets of parameters in Tab. 3.3A) Dominant angle versus sim-
ulation timestep; B) Anisotropy ratio versus simulation timestep. First set of
parameters is represented by wine dots, second - by cyan dots.
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Figure 3.8.: A snapshot of an intermediate state of microtubules’ array reorienta-
tion for: A) First set of parameters fromTab. 3.3. Greener areas correspond to
areas with higher anisotropy ratio; B) Second set of parameters fromTab. 3.3. All
microtubules are shown. Bar indicates 1µm.
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3.3 Combined action of dynamic instability changes and mechanical stress on the
ordering of microtubules
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Figure 3.9.: A snapshot of microtubule array with a circular pattern. Greener
areas correspond to areas with higher anisotropy ratio.
a circle. Typical results are shown on Fig. 3.9. Circular gradient is distinguished
by space anisotropy ratio. A global orientation of microtubules is provoked spon-
taneously in the area where concentrational gradient is not present and it is not
perturbed by circularly oriented microtubules, i.e. there is no orientation transduc-
tion in the system.
3.3. Combined action of dynamic instability changes
and mechanical stress on the ordering of
microtubules
As it was shown in sec. 3.1 and sec. 3.2, mechanical stress and changes in dynamic
instability conditioned by external stimuli are alone sufficient enough to provoke
ordering. Their combined action is also interesting to be studied as in real cells
these effects are present simultaneously. Here we consider that chemical agents
change growth and shrinkage velocities of microtubules and we use parameters form
Tab. 3.1 and Tab. 3.2.
First set of parameters for an array of 10 × 5µm2 yields an ordered array with
pre-defined dominant angle. The changes in dynamic instability lead to faster and
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Chapter 3 Results
Parameter Dimension Value from Tab. 3.1 Value from Tab. 3.2
Plus-end growth rate vg nm/s 70 80
Plus-end shortening rate vs nm/s 225 200
Minus-end shortening rate v− nm/s 15 40
Catastrophe probability Pc 1/s 64× 10−3
Rescue probability Pr 1/s 124× 10−3
Nucleation rate Pn 1/s 5000
Table 3.4.: The parameters used for similations of combined effect of mechanical
stress and dynamic instability changes. These parameters are based on experi-
mental data by Dixit et al. [61] and Shaw et al. [8].
greater ordering (Fig. 3.10). However, in this case the role of small fluctuations
becomes greater as ordering happens faster, so dominant angle is no longer pre-
defined, and an oblique array can be formed.
For an array of 20 × 10µm2 the parameters from first column of Tab. 3.4 yield a
highly unordered array (Consult Fig. 3.1C)). The increases in plus-end growth rate
and minus-end shrinkage rate along with slight decrease in plus-end shortening rate
lead to formation of an ordered array with defined orientation (Fig. 3.11).
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3.3 Combined action of dynamic instability changes and mechanical stress on the
ordering of microtubules
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Figure 3.10.: Snapshots of microtubule arrays (only 1000 longest microtubules are
shown) of 10 × 5µm2: A) Ordered array with pre-defined dominant angle; B)
Ordered array without pre-defined dominant angle.
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Figure 3.11.: Snapshots of microtubule arrays (only 1000 longest microtubules are
shown) of 20 × 10µm2: A) Unrdered array; B) Ordered array with pre-defined
dominant angle.
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4. Conclusions
1. The model of kinetic orientation of microtubules arrays due to collisions was
used to study the effect of mechanical deformation (compression and stretch-
ing) of the cortex in plant cells. Such deformations may arise from the elonga-
tion of the cell due to growth influenced by the external stimuli such as grav-
itational field, transduct by sedimenting amyloplasts or light in phototropic
growth. The mechanical compression and stretching of the cell is also im-
portant in morphogenesis. We have shown that the compression of initially
disordered microtubule arrays itself may induce a global order, where micro-
tubules are oriented along the action of mechanical stress.
2. The same model was also applied to investigate the effects of modifying of dy-
namic instability parameters, such as microtubule’s growth rate and catastro-
phe probability. Such changes may be caused by the action of different chemi-
cal agents creating intracellular polarity. This polarity is thereover transferred
to forced microtubule array reorientation, possibly by promoting or inhibiting
microtubule-associated proteins’ action. We have shown that such mechanism
is easily obtained and microtubules form different arrays ranging from simply
oriented to highly patterned.
3. Combined action of two factors has also been studied in this work. We have
managed to show that mechanical stass may compement the action of chemical
agents and vice versa.
4. Ordered microtubule arrays, in turn, can direct cellulose microfibrils assem-
bly, thus resulting in oriented microfibrils growth. Orientation of cellulose
microfibrils in a certain direction consequently leads to anisotropy of the cell
wall, which, in turn, combined with turgor pressure indicates the direction of
cell growth.
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A. How gravitropic stimulus and
mechanical stress induce
microtubule orientation
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ABSTRACT (limit 250 words) 
Directional growth caused by gravitropism and corresponding bending of plant cells has been explored since 19th 
century, however, many aspects of mechanisms underlying the perception of gravity at the molecular level are still not 
well known. Perception of gravity in root and shoot gravitropisms is usually attributed to gravisensitive cells, called 
statocytes, which exploit sedimentation of macroscopic and heavy organelles, amyloplasts, to sense the direction of 
gravity. Gravity stimulus is then transduced into distal elongation zone which is several mm far from statocytes. It is 
suggested that gravity stimulus is conveyed by gradients in auxin flux. We propose a theoretical model that may explain 
how concentration gradients can affect the global orientation of cortical microtubules, attached to the cell membrane and 
induce their dynamic reorientation perpendicular to the gradients. In turn, oriented microtubules arrays direct the growth 
and orientation of cellulose microfibrils, forming part of the cell external skeleton and determine the shape of the cell. 
Reorientation of microtubules is also observed in reaction to light in phototropism and mechanical bending, thus 
suggesting certain universality of the proposed mechanism. 
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INTRODUCTION  
The main ingredients of external skeleton in plant cells are cellulose microfibrils (Alberts et al., 2002). They 
help to maintain the shape of cells and prevent plant cells from bursting due to high internal turgor pressure (Alberts et 
al., 2002; Hamant and Traas, 2010). Cellulose microfibrils have high tensile strength and provide the cell wall 
mechanical strength and stiffness (Hamant and Traas, 2010). Since cellulose arrays are naturally anisotropic, the 
anisotropy of the cell growth is controlled by the orientation of the cellulose microfibrils arrays (Nick et al., 1997). In 
turn, the deposition of cellulose microfibrils is directed by highly aligned microtubules (MTs) arrays (Wymer et al., 
1996), which serve as a template for directed growth of cellulose microfibrils (Wymer et al., 1996). 
MTs are hollow cylinders of 25 nm external and 15 nm internal diameters (Alberts et al., 2002) and the length 
ranged from few nm to several microns. They are highly dynamic by their nature (Desai and Mitchison, 1997), and MT 
ends are constantly switching between polymerization and depolymerization, thus making the length of MTs 
intermittent. This property of MTs is called dynamic instability (Mitchison and Kirschner, 1984; Dogterom and Leibler, 
1993; Desai and Mitchison, 1997); a plus-end of a MT is usually more dynamic than a minus-end (Mitchison and 
Kirschner, 1984; Gildersleeve et al., 1992; VanBuren et al., 2002). 
Cortex MTs in plant cells are organized in parallel arrays adjacent to the cell membrane (Lloyd et al., 2000). 
There is a direct evidence (Yuan et al., 1994; Paredez et al., 2006) that cellulose microfibrils are deposed in the same 
direction as cortical MTs during the plant growth. Depolymerizing drugs, ethylene and various agents (Baskin et al., 
1994; Yuan et al., 1994; Corson et al., 2009) affecting orientation of MTs, change also the orientation of cellulose 
microfibrils arrays (Green, 1962). Aligned cellulose microfibrils provide anisotropy to the cell wall, which is more rigid 
in the direction parallel to cellulose arrays than in perpendicular direction. This anisotropy allows to transduce the 
isotropic turgor pressure into a directional cell growth (Ledbetter and Porter, 1963; Yuan et al., 1994; Hamant et al., 
2008; Hamant et al., 2011). 
Thus, anisotropy in plant cell wall rigidity irrevocably fixes the direction of growth of the cell leading to 
irreversibility of the processes such as cell division and cell elongation (Chan et al., 2007; Sassi and Vernoux, 2013). We 
focus in particular, on gravitropism and phyllotaxis, although the biochemical background is similar to other types of 
tropisms, such as phototropism or chemitropism (Fischer and Schopfer, 1998). 
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Cell constituents, molecules and their aggregates, are too small to sense the gravitational field directly, however 
roots of many plants are able to sense the direction of gravity with the help of statocytes, specific cells located in the 
growing tip of roots or shoots (Sack, 1991).  Statocytes can efficiently perceive the direction of the gravity and direct 
plant growth along the gravity vector. Directed growth is observed only in the presence of gravitational or centrifugal 
force and disappear in the absence of gravity or when the direction of gravity is altered (Baluska and Hasenstein, 1997; 
Hamant and Traas, 2010). The perception of gravity in statocytes is usually attributed to amyloplasts, macroscopic, 
heavy organelles that sediment in a lower part of the cell (Sack, 1991; Baluska and Hasenstein, 1997; Hashiguchi et al., 
2012) in root gravitropism and can exhibit saltatory upward movements in shoot gravitropism (Nick et al., 1997; 
Hashiguchi et al., 2012). 
Sedimenting amyloplasts inside statocytes are probably the main driving force for root gravitropism. Since the 
radius of amyloplasts, r, is about few microns (Smith et al., 1997; Vitha et al., 2007), their concentration corrected for 
buoyancy is ~∆ρ=0.5 g/ml (Wayne et al., 1990) and g≈ 9.8 m/s2, the resulting sedimentation force of one amyloplast at 
the bottom of the cell is ∆ρg(4/3)πr3~1 pN (Yoder et al., 2001). However, the elongation growth occurs in epidermis, 
where MTs reorientation takes place. The distance between elongation zone and root cap is several mm, or ~ 20 cell 
layers (Blancaflor and Masson, 2003; Perrin, 2005; Hashiguchi et al., 2012). Amyloplast sedimentation causes 
alternation of auxin flux, which causes reorientation of microtubules (Himmelspach and Nick, 2001; Bisgrove, 2008; 
Korasick et al., 2014; Xu et al., 2014) supported by other signals, such as Ca+2 ions (Leitz et al., 2009). Most probably, 
gradients in hormonal fluxes change the stability of MTs depending on their direction (Wiesler et al., 2002; Akhmanova 
and Steinmetz, 2008; Korasick et al., 2014). 
In turn, there is an evidence that MTs respond directly to mechanical stress of the cell (Ikushima and Shimmen, 
2005; Hamant and Traas, 2010). It can be directly observed during phyllotaxis in shoot apical meristem (Hamant et al., 
2008; Hamant et al., 2010; Sassi and Vernoux, 2013). This suggests that MTs might feel mechanical stress and reorient 
themselves inducing anisotropic cellulose deposition. Such mechanism is also observed in the experiments with shoot 
apical meristem compression, laser ablations of its cells or weakening of the cell wall (Hamant et al., 2008; Heisler et al., 
2010; Uyttewaal et al., 2012). 
Here we provide a theoretical basis for MT reorientation caused by concentration gradients of chemical agents 
or mechanical cell elongation. Our model is based on the mechanism of collective self-orientation of cortical MTs 
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induced by mutual collisions and re-growing of individual MTs. This mechanism was first proposed in Baulin et al. 
(2007). It was shown that collisions between individual MTs may spontaneously lead to orientation domains with highly 
aligned MTs from initially disordered array. This simple model assumes a MT as a rigid rod that can grow at a plus-end 
and shorten at a minus-end, while the rate of shrinkage at a plus end is altered by the collisions with other MTs. It was 
shown that the anisotropy in the rates of catastrophes at a plus end due to collisions is enough to induce collective 
phenomena of MT self-ordering into aligned domains with preferential orientation. The selection of preferential 
orientation in the domains is similar to evolution selection, where MTs with "incorrect" orientation disassemble and 
disappear, leaving space to "correctly" aligned and thus, longer and older MTs (Baulin et al., 2007). 
This minimal model based on age and length discrimination was further extended and improved in consequent 
theoretical models (Allard et al., 2010; Eren et al., 2010; Hawkins et al., 2010; Shi and Ma, 2010; Tindemans et al., 
2010). The models consider two dimensional (2D) movements because cortex MTs in plant cells are attached to plasma 
membrane forming a 2D array (Alberts et al., 2002; Hamant and Traas, 2010). Since the movements in 2D are much 
more restricted than in 3D, the probability of collisions is high even for relatively low concentrations. Direct observation 
of collisions between MTs in the cortex array and measure of collision rates (Dixit and Cyr, 2004) have shown that the 
probabilities of catastrophes and consequent shrinkage of MTs, rescue and continuation of growth depends on angles of 
collisions. Shallow angles favor continuation of growth, while perpendicular collisions may provoke catastrophe and 
disassembling of the MT (Dixit and Cyr, 2004). The models based on these results (Allard et al., 2010; Eren et al., 2010) 
predict the self-orientation induced by collisions and show that zippering between MTs with similar orientation play an 
important role in onset of ordering. Another model of collision induced reorientation of MTs (Shi and Ma, 2010) focuses 
on phase transitions in MT arrays and predicts the existence of three phases: isotropic phase, weakly ordered nematic 
phase and highly ordered nematic phase. A similar model (Hawkins et al., 2010; Tindemans et al., 2010) includes 
explicitly dynamic instability of a plus end and uses more realistic parameters for growth and shrinkage rates of MT 
ends. In addition, this model implements a set of rules driving MTs in case of their collisions: induced catastrophe, plus-
end entrainment (zippering) and intersection are possible depending on the angle between colliding MTs (Hawkins et al., 
2010; Tindemans et al., 2010). This model predicts orientation induced by collisions and competition between domains 
with different orientations.  
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SUBJECTS/MATERIALS AND METHODS 
Here we use a modified model of collision induced ordering in 2D MTs arrays that incorporates essential parts 
of the previous models. We model MTs as rigid rods which can switch between shrinking at their minus-end and 
growing at their plus-end (Mitchison and Kirschner, 1984; Shaw et al., 2003). Switching between polymerization and 
depolymerization on a plus end happens according to preset catastrophe and rescue rates. In case of collision with 
another MT the plus-end of a MT stops growing (Sumino et al., 2012); however, it may still experience catastrophe with 
a preset rate and start shrinking (Mitchison and Kirschner, 1984). This model is summarized at Figure 2 and the 
parameters (Table 1) describing individual MT dynamics correspond to other models and to experimental data. Each MT 
is characterized by its length, position and orientation. We consider that orientation is set while MT is nucleated and does 
not change during its lifetime. The only way to reorient an array of MTs is to eliminate by complete disassembly the 
MTs with "incorrect" orientation and inject new MTs with "correct" orientations. Zippering effect for shallow contact 
angles (Dixit and Cyr, 2004; Allard et al., 2010; Eren et al., 2010) would only enhance the suggested mechanism and 
lead to faster ordering. 
According to the minimal model described in Baulin et al. (2007), a MT is a rigid rod that can grow at a plus-
end and shorten at a minus-end. The collisions with other MTs perturb the growth of MTs, which itself is sufficient to 
induce a global order in the system without even excluded volume effects that are necessary for ordering in ordinary 
lyotropic liquid crystals, which comes from purely collective and kinetic interaction between MTs. However, this model, 
due to its simplicity, assumes infinite and unrestricted growth of perfectly aligned MTs, thus the model should include 
dynamic instability of the plus end, which would lead to a stationary state of ordered MTs (Hawkins et al., 2010; Shi and 
Ma, 2010; Tindemans et al., 2010). 
Thus, in contrast to Baulin et al. (2007), our model is a three-state model, where MT may exist in the growing 
state (g), shrinking state (s) and blocked state (d), which is similar to Hawkins et al. (2010) and Tindemans et al. (2010). 
The length and the position of each MT change with time. Every time interval ∆t the minus-end of each MT is shortened 
by v-∆t, where v- is the speed of shrinkage of the minus-end. The speed of elongation of the plus-end is vg and the speed 
of shrinkage is vs. The plus-end of initially growing MT can experience catastrophes with the rate Pc and rescues with the 
rate Pr, can be blocked due to collisions with the rate Pb and unblocked with the rate Pub, thus providing stochastic 
oscillations of MT length. If the length of a MT goes to 0, it disappears, while new MTs are created with the nucleation 
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rate Pn (Figure 2). The balance between growing and shrinking, nucleation and disappearing of MTs in a steady state 
insures dynamic stability of the average number of MTs and their average length. The values of parameters are given in 
Table 1. If a MT occasionally intersects any other MT, the growth is rejected and the MT passes from growing to 
blocked state b. The shrinkage and growth can be reversed stochastically according to the given probabilities. Thus, 
every time step the length of a MT either increases (state g) by (vg-v-) ∆t or decreases (state s) by (vs+v-) ∆t or decreases 
(state b) by v- ∆t in a blocked state (Figure 2). The model by Allard et al. (2010) includes complex collision rules, 
requiring the introduction of a critical entrainment angle Θz. However, collision-induced catastrophes alone can induce a 
global ordering and we use such simple description. 
We consider that the seeds of new MTs are nucleated homogeneously and with random angles. MTs cannot 
change their orientation, but they can change their states between growing (g), shortening (s) and blocked (b). 
Introducing the corresponding surface concentrations, cg, cs and cb, the total length concentration k(Θ,t) can be written in 
the following form: 
,    	
	, ,   	, ,   	, , 	 . 1 
A set of evolution equations are written as 

  

	    

	    , 2
  

	      

	 , 3
  

	     . 4
 
where Prcs=Φr[cs] and Pccg=Φc[cg] along with Pccb=Φc[cb] are the spontaneous flux terms (Hawkins et al., 
2010) responsible for rescue and catastrophe respectively; -vg(∂cg/∂l)= Φg[cg], vs(∂cs/∂l)= Φs[cs] and v-(∂cσ/∂l)= Φ-[cσ] 
describe growth and shrinkage of plus-end and shortening of minus-end respectively (Dogterom and Leibler, 1993; 
Baulin et al., 2007; Hawkins et al., 2010; Tindemans et al., 2010). Blocking term is determined by the collisions 
between MTs when a growing MT collides with another MT with a rate    ′ "#$|  ′|′ 
&', (, where sin|Θ-Θ'| defines the cross section of collisions. This term reminds the second virial coefficient of the 
Onsager theory (Onsager, 1949), but has a completely different physical origin. The unblocking term Pub(cσ,k)cb is 
connected with the possibility of a previously blocked plus-end of a MT to restart its growing due to disassembly of a 
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blocking MT, no matter if it is a shrinkage of a plus-end or shortening of a minus-end.  It is related to the concentration 
cb(l,t,Θ) as following Pub(cσ,k)cb(Θ)=Φub[cb,cσ,k]. 
The initial conditions are the following: at t=0 the concentration of shortening and blocked MTs are equal zero 
cs(l,0,Θ)=0, cb(l,0,Θ)=0 while cg is connected with the nucleation rate Pn as (vg-v-)cg(0,t,Θ)= Pn(Θ)/2π, cg(l>0,0,Θ)=0. 
The first model (Baulin et al., 2007) lacked dynamic instability, i.e. missed Φc and Φr terms in eqs. \ref{eq:2} 
and \ref{eq:4}, which are responsible for stabilization of the length of MTs in ordered arrays and thus these terms are 
essential for the stationary state in ordered arrays. The model by Hawkins et al. (2010) lacks the minus-end disassembly, 
i.e. terms Φ-, Φb and Φub, but it includes Φinducedcat., Φzipper and Φreactivation. It's possible to connect their population of 
"inactive'' segments with the population of blocked segments. It is noteworthy, that "zippering" in this model is similar to 
"blocking" described by the present model, where reactivation occurs due to disassembly of blocking MTs, in contrast to 
disassembly of an active segment of the MT in zippering event. 
To get a control parameter that defines the behavior of the system, eqs. (2)-(4) can be rewritten as: 

  )  *

	      , 5
    

	      , 6
  

	      . 7
 
 
The sum of these equations gives 

 )    * 

	 .)  *      /  0. 8 
The steady state implies time derivatives to be equal to zero, leading to the following flux balance equation 
)  *	,     	,   	, , 9 
or in a more convenient form 
    )    *. 10 
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To simplify these equations even more, we assume that the probabilities Pc and Pr are small (see Table 1), thus the 
related terms in eqs. (5)-(7) may be neglected. This means that shortening MTs either do not present, or their length 
distribution is constant, thus eq. (9) yields in the form 
)  *	,   	, , 11 
 
Thus, the dimensionless parameter 
3     , 12 
can be regarded as a control parameter. It coincides with the corresponding control parameter in Baulin et al. (2007). 
Following the same notations, v=vg-v-, α=v-/v. Thus, eqs. (5)-(7) corresponding to steady state can be rewritten as 
follows, 
 	     , 13
3 	    . 14
 
Probabilities Pb and Pub are length-independent, thus the solution of this system of differential equations has the 
following form: 
	,   456 6̅⁄ , 15
	,   956 6̅⁄ , 16
 
where 
1
	 ̅ 

 

3 , 17
4  39. 18
 
It is noteworthy that 1 	 ̅⁄  is similar to the growth parameter introduced by Hawkins et al. (2010). 
 As it was possible to separate the variables in the solution for the steady state in this simplified model, one can 
actually show that the changes in the shape of the cell lead to anisotropy. In the work of Baulin et al. (2007) it was 
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shown that growth parameter causes the system to persist in different regimes depending on its value: chaotic or ordered; 
it also accounts for the model presented above. Anisotropy of the cell will cause the angle dependence of both blocking 
rate Pb and nucleation rate Pn. The unblocking probability Pub is angle-independent. This inhomogeneity will yield 
different growth parameters 1 	 ̅⁄   for different angles, causing even different regimes of system's persistence at different 
angles. These different regimes may compete with each other, but one of them will inevitably be in a preferred position 
due to anisotropy of nucleation. 
In the model by Hawkins et al. (2010) the minus-end shrinkage speed equals to zero, hence eq. (9) yields in the 
following form 
	,   	, . 19 
This equation along with the equations, describing the evolution of the system, gives the growth parameter $g$: 
:   

 , 20 
which characterizes the noninteracting system. This expression corresponds to eq. (17) up to notations. "Rescue" is 
effectively corresponds to unblocking in our model, while "blocking" corresponds to catastrophes.  
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RESULTS AND DISCUSSION 
We performed two types of simulations: microtubule orientation in response to concentration gradients and 
mechanical stress of the cortex. Both stimulus may induce oriented self-organization of MTs. 
Orientation of MTs induced by concentration gradients 
 Chemical agents, e.g. hormone of growth auxin or ethylene, are often reported to modify MT dynamics 
(Bisgrove, 2008). The mechanism of such influence is not well understood. It is suggested (Akhmanova and Steinmetz, 
2008) that chemical agents catalyse or inhibit the action of microtubule-associated proteins (MAPs). These proteins 
change dynamic parameters of MTs, and generally affect the growth velocities or catastrophe rates (Akhmanova and 
Steinmetz, 2008). Concentration gradients thus may affect global dynamics of MTs. 
 We assume that chemical agents influence dynamic instability parameters, such as catastrophe rate, which 
becomes higher in the direction of the concentration gradient. This assumption is consistent with experimental data 
showing that auxin can generate polarity in distribution of auxin transporters, proteins of PIN family (Heisler et al., 
2010). These proteins are linked with MT orientation regulator CLASP  (Ambrose et al., 2011; Ambrose et al., 2013; 
Zhang et al., 2013) and with microtubule-associated protein MAP65 (Kakar et al., 2013). 
Two sets of parameters are selected to induce spontaneous organization of MTs (Table 1). An increase in 
catastrophe rate in one direction breaks the symmetry between MTs oriented along the gradient and against it. This 
asymmetry may induce global order of MT arrays in one direction. To investigate this phenomenon in detail we change 
the gradient of catastrophe rate.  This change indeed leads to reorientation of already formed MT arrays, as shown in 
Figure 3. 
First set of parameters lead to slower reorientation: although anisotropy ratio soon recovers its high value (See 
Figure 3D)), it takes more time for MTs to reorient, as depicted in Figure 3C). Eventually the system reaches the state 
shown on Figure 3B), but takes around 10000 steps. Thus, the difference in reorientation behavior is primarily controlled 
by the populations of blocked (b) and growing (g) MTs, while shortening MTs (s) shrink with the same rate vs+v-=240 
nm/s. 
Compression-induced orientation in disordered arrays 
 Cortex MTs attached to the cell wall may form stationary states of oriented domains or stay in disordered state 
depending on the rates of growth and shrinkage, catastrophe rates and concentration (Hawkins et al., 2010; Shi and Ma, 
2010; Tindemans et al., 2010). Mechanical stretching or compression of the cell wall anisotropically changes the 
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distance between the MTs, thus affecting the concentration in the direction of applied force. This, in turn, may induce 
orientation in disordered arrays or reorient MTs in ordered arrays. In the following, we investigate the effect of stretching 
and compression on these two initial stationary states, (i) isotropically oriented, disordered array of MTs and (ii) oriented 
domains of MTs are then subject to stretching and compression (Figure 1). 
Set of parameters corresponding to initially disordered arrays (Table 1) leads to formation of stationary 
disordered state, characterized by the balance between growing, shrinking and blocked MTs. Thus, stationary average 
total number of MTs is provided by the balance between MTs that disappear due to collisions with other MTs or due to 
catastrophes events, and new-born MTs appearing with random directions. Freshly appearing MTs correspond to 
nucleation sites that are fixed in the cortex, thus we assume that the total number of new-born MTs per time step and per 
area is kept constant. However, stretching or compression change the distance between nucleation sites and thus, the 
nucleation rate, being inversely proportional to the area, may vary with the direction. 
Stationary disordered array of 10x10 µm2 (Figure 4A)) is compressed in one direction by two times (Figure 
4B)). This compression provokes orientation of MTs in the direction of compression. In contrast, the stretching by two 
times of the array does not lead to orientation. This goes inline with the observations of MT orientation perpendicular to 
the gravity vector in gravitropism in roots (Himmelspach and Nick, 2001) and may be related to coordinated patterns of 
MT arrays governed by mechanical stress (Hamant et al., 2011). 
The degree of MT orientation can be described by the nematic order parameter, which is proportional to the cost 
function ;  cos?Ω  AAAAAAAAAAAAAAAA, where Θ is the direction of the director and Ω is the direction of individual MT and the 
bar signifies the ensemble average. However, MTs has intermittent length and the ordering of the domains is determined 
by long MTs (Baulin et al., 2007). Thus, the cost function should include the length and we use the following function 
 (Baulin et al., 2007) 
;  	? cos? AAAAAAAAAAA 
 
With this, an anisotropy ratio Sl can be defined as (Baulin et al., 2007): 
"6  ;BCD  ;BEF;BCD  ;BEF 
and the dominant angle is given by (Baulin et al., 2007): 
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tan 26  	
? sın? 2ΩAAAAAAAAAAAA
	? cos? 2ΩAAAAAAAAAAAAA . 
The anisotropy ratio Sl and the dominant angle Θl as function of time are given in Figure 4G) and H). 
Stretching-induced disorientation in ordered arrays 
Once a stationary ordered array is formed (Figure 4D)), the orientation of the array  is governed by longest MTs 
(Baulin et al., 2007), which are also the oldest MTs, and thus having biggest life expectancy and hence more persistent. 
Since the angles of MTs in this model are irrevocably fixed during the life cycle, changing the direction of the ordered 
array implies disassemble of these leading MTs, which may require collisions with domains with even longer MTs. 
Thus, compression of the ordered arrays only increases the distance between MTs that may increase the order, but may 
not lead to disassemble of MTs. This is shown in Figure 4E) and the corresponding plot of the dominant angle and 
anisotropy ratio Sl, Figure 4I-J). 
In turn, stretching of the cortex increase the distance between MTs, thus new-born MTs may grow longer before 
they collide with the dominant MTs and bring more random orientations into arrays. Figures 4F) and I-J) show that 
stretching may considerably reduce the order in the arrays, and, in principle, may lead to complete disorientation of the 
arrays.  
Both effects, disorientation of the arrays due to stretching and orientation induced by compression, may work 
together to help to reorient MT arrays in response to mechanical stress on the cortex.  
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CONCLUSIONS 
The model of kinetic orientation of microtubules arrays due to collisions was used to study the effects of concentration 
gradients of hormones and mechanical deformation (compression and stretching) of the cortex in plant cells.  In 
gravitropic response, concentration gradients of auxin  influence catastrophe and growth rate of MTs, which in turn may 
lead to reorientation of MT arrays transverse to the direction of the gradient. In phyllotactic arrangement of leafs on 
stem, the mechanical stretching of initially disordered MT arrays itself may induce a global order, where MTs are 
oriented along the action of mechanical stress. Ordered MT arrays, in turn, can direct cellulose microfibrils assembly, 
thus resulting in oriented microfibrils growth. Orientation of cellulose microfibrils in a certain direction consequently 
leads to anisotropy of the cell wall, which, in turn, combined with turgor pressure indicates the direction of cell growth. 
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TABLES 
 
The parameters used in the model. These parameters are based on experimental data by Shaw et al. (2003) and Dixit and 
Cyr (2004).  
Parameter Disordered state Disordered state 
Plus-end growth rate  
vg, nm/s  
70 80 
Plus-end shortening 
rate vs, nm/s 
225 200 
Minus-end shortening 
rate v-, nm/s 
15 40 
Catastrophe 
probability Pc, 1/s 
64x10-3 
Rescue probability 
Pr, 1/s 
124x10-3 
Nucleation rate Pn, 
1/s 
5000 
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FIGURE LEGENDS 
 
Figure 1. Cell elongation caused by gravity-induced sedimentation of amyloplasts. Cell stretching induces reorientation 
of MTs perpendicular to deformation direction. 
 
Figure 2. A) Schematic representation of interacting MTs in cell cortex. Schematic picture of B) a minus-end 
disassembly; C) a plus-end assembly and disassembly; D) a growing MT blocked by another one. E) The model: Pc and 
Pr are the catastrophe and rescue rates, Pb and Pub are probabilities of blocking and unblocking respectively, vg, vs and v- 
are the speeds of plus-end growing and shortening and minus-end shortening relatively. 
 
Figure 3. MTs A) before and B) after reorientation. Only 1000 longest MTs are shown. Bar indicates 1 µm. C) For two 
sets of parameters in Table 1 C) Dominant angle versus simulation timestep; D) Anisotropy ratio versus simulation 
timestep. First set of parameters is represented by wine line, second - by cyan line. 
 
Figure 4. Snapshots of MT arrays (only 1000 longest MTs are shown) evolving from A) initially homogeneous and 
isotropic array 10x10 µm under B) compression and C) stretching. Shrinking MTs (state s) are shown in blue, other MTs 
(state b and g) are shown in red. Bar indicates 1µm. D-F) Snapshots of MT arrays evolving D) from ordered array 10x10 
µm under E) compression and F) stretching. Dominaiting angle versus simulation timestep G) for initially isotropic array 
in A-C) and I) oriented array in D-F). Anisotropy ratio versus simulation timestep H) for initially isotropic array in A-C) 
and J) oriented array in D-F). 
.  
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Degradation versus Self-Assembly of Block Co-polymer Micelles
Alexander Muratov† and Vladimir A. Baulin*,†,‡
†Departament d'Enginyeria Quimica, Universitat Rovira i Virgili, 26 Avinguda dels Paisos Catalans, 43007 Tarragona, Spain
‡Institucio ́ Catalana de Recerca i Estudis Avanca̧ts (ICREA), 23 Passeig Lluis Companys, 08010 Barcelona, Spain
ABSTRACT: The stability of micelles self-assembled from
block co-polymers can be altered by the degradation of the
blocks. Slow degradation shifts the equilibrium size distribu-
tion of block co-polymer micelles and changes their properties.
The quasi-equilibrium scaling theory shows that the
degradation of hydrophobic blocks in the core of micelles
destabilizes the micelles, reducing their size, while the
degradation of hydrophilic blocks forming coronas of micelles
favors larger micelles and may, at certain conditions, induce
the formation of micelles from individual chains.
■ INTRODUCTION
Physicochemical properties of block co-polymers often
determine their function in many useful applications ranging
from biotechnology and drug delivery to painting and oil
extraction.1,2 The possibility to control essential properties of
block co-polymers capable of adapting the behavior to changes
in the environment is thus a challenging task. One of the main
properties of amphiphilic diblock co-polymers in solution is
their ability to self-assemble in micelles3 composed of a
hydrophobic core surrounded by a hydrophilic corona.4 Such
compact finite size aggregates can encapsulate hydrophobic
agents in their cores.5 In particular, this loading capacity of
block co-polymers can be used for selective transport of
hydrophobic nanoparticles and lipophilic active molecules to
specific targets and through the cell membrane.6
However, the use of block co-polymer micelles for targeted
drug delivery also implies the necessity to control the release of
the transported particles from the cores of micelles, for
example, by external stimuli. In turn, the release process is
closely related to the thermodynamic stability of micelles.
Micelles assembled from block co-polymers can be relatively
stable.7 This hinders the release of active components8 and,
thus, limits their use for biomedical applications.
Degradable polymers9 provide for an additional degree of
freedom, allowing for the control of the longevity and stability
of block co-polymer micelles. Degradation of the polymer
backbone may significantly change the thermodynamics of
block co-polymer self-assembly and, thus, stability of the
micelles. Tuning the rate of degradation would allow for the
modulation of the thermodynamic stability of micelles to a large
extent. In addition, tumor tissues have the tendency to
selectively accumulate polymers. This effect is known as
enhanced permeation and retention (EPR)10 and is attributed
to a larger size of the pores in blood vessels of tumor tissues.
Polymers can interact with the cell membranes and
reticuloendothelial system (RES),11 which can potentially
increase their cytotoxicity.12 From this perspective, the
degradation of polymers up to metabolites13 may solve
biocompatibility issues and excessive accumulation in tissues.
Usually, biomedical applications require long-circulating
delivery vectors with constant release for days.14 This implies
that polymer degradation in such systems is much slower than
the time required to reach the thermodynamic equilibrium.
Kinetics of micelle formation from monomers can be rather
fast. Characteristic times of exchange of oligomers between
micelles and the bulk and the relaxation do not exceed
milliseconds,15 while for longer block co-polymers, the
characteristic time is on the order of minutes.16,17 Thus, in
such systems, the self-assembly in micelles is a quasi-
equilibrium process with a fixed length distribution of the
blocks, which changes with time. Micelles of degradable block
co-polymers can assemble and reassemble, changing their
internal structure and shape18,19 and, thus, changing the loading
capacity of the cores. The balance between steric repulsion of
hydrophilic blocks in the coronas of micelles and interaction of
hydrophobic blocks forming part of the cores defines the finite
size of micelles. Degradation of hydrophilic blocks5,20 would
then lead to destabilization of micelles, leading to fusion and
formation of larger cores. In turn, degradation of hydrophobic
blocks in the cores21−27 may induce splitting the cores of
micelles.
Using a scaling theory, we study the interplay between the
degradation of one of the blocks of block co-polymers and
equilibrium self-assembly and reassembly of block co-polymers
into micelles in the case of both corona and core degradation.
We present a scaling theory of block co-polymer self-assembly
into micelles28,29 and discuss the degradation kinetics of the
polymer blocks. However, we note that scaling theories have
limitations: (i) scaling theories, in principle, only apply to
(infinitely) long chains; (ii) the theory does not include
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kinetics; and (iii) it does not include morphological changes.
We assume two types of degradation mechanisms: (i) Random
chain scission mechanism30 implies a stochastic process of a
polymer chain division at a random position. This mechanism
causes a gradual decrease in the number average molecular
weight. Such random division of a chain is usually observed in
hydrolytic degradation of polyesters31,32 or certain poly-
amides.33,34 (ii) End evaporation mechanism35,36 occurs when
the monomers are gradually detached from the ends of the
polymer chain. This mechanism is typical for enzymatic
degradation. The degradation of the blocks shifts the critical
micellar concentration (cmc) and changes the size distributions
and average sizes of the micelles (Figure 1). The degradation of
the chains can induce or suppress the self-assembly process.
■ SELF-ASSEMBLY
Diblock co-polymers composed of soluble and insoluble blocks
can spontaneously self-assemble into micelles.1 The micelliza-
tion is the entropy-driven process. The entropy of the mixture
of individual chains in the solution is balanced by the tendency
of insoluble blocks to reduce contacts with the solvent in the
cores of micelles. Thus, the stability of the micelles is defined by
the energy of insoluble blocks forming compact cores and the
steric repulsion of soluble blocks in the coronas of micelles.28,29
Characteristic equilibration time of block co-polymers
exponentially depends upon the length of the insoluble
block.16,17 In the cases of long insoluble blocks and high
interfacial tensions,37 the relaxation time may be hours, and
thus, non-equilibrium kinetics should be considered. However,
we focus on situations when the hydrophobic block is relatively
short or the interfacial tension is low. In this case, the relaxation
time is small (milliseconds),15 and thus, the kinetics of self-
assembly is much faster than the degradation. If the degradation
process is slow enough to allow for the equilibrium assembly of
block co-polymers into micelles, the scaling model of
equilibrium self-assembly can be applied. We assume that
only one block, either insoluble or soluble, is degradable, so
that the total number of block co-polymers does not change
with time. In addition, we consider spherical micelles, while
morphological transitions are not considered. We denote cp as
the number density of aggregates comprising p co-polymers,
where p is the aggregation number. The total free energy per
unit volume of the solution of co-polymers at a given time is
∫
∑= Λ +
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where the first term is the entropy and Fp is the free energy of a
micelle comprising p co-polymers. Λ is the de Broglie
wavelength. p = 1 corresponds to individual block co-polymer
contributions, while the entropy of free fragments is taken into
account in the last term. Degradation of blocks provokes the
detachment of fragments of different lengths floating in the
solution, and the last term takes into account the entropy of
fragments, where c(n) is their length distribution function. The
total number of monomers in the self-assembly and
degradation process is conserved. This is reflected in the
conservation of mass condition
∑ = ϕ
=
∞
pc
p
p
1 (2)
where φ is the total co-polymer concentration. Because we
consider the degradation of one block, the total number of co-
polymers in the solution is not changed with time and the
degradation does not affect this condition. Minimization of the
free energy (eq 1) subject to the constraint (eq 2) gives the
quasi-equilibrium distribution of the co-polymers in the
micelles.38
= Λ −
−− ⎛
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⎞
⎠⎟c c
F pF
kT
expp
p p p
1
3( 1) 1
(3)
This expression describes the distribution of micelles of
degradable co-polymers at each time.
Explicit form of the free energy Fp is defined by the molecular
structure of co-polymers forming a micelle and is the sum of
the corona and the core contributions.
= +F F Fp p pcorona core (4)
The free energy of individual chains, p = 1, is also described by
this expression, where the corona term transforms into the
entropy contribution of a linear chain and the insoluble block
gives the corresponding core contribution. The exact
Figure 1. Quasi-equilibrium degradation of micelles. Core degradation induces the disassembly of micelles, while corona degradation induces growth
of micelles.
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expressions of Fp
corona and Fp
core depend upon the degradation
mechanism and are functions of time.
In the following, we denote the chain length of the soluble
block as N and the chain length of the insoluble block as Nc.
We assume sufficiently long soluble chains, N ≫ 1, and the
monomers of both blocks being the same size a.
■ DEGRADATION KINETICS
We consider random chain scission and end evaporation
mechanisms and degradation of soluble and insoluble blocks.
Random Chain Scission. The random scission mechanism
implies a homogeneous distribution of splitting points along
the chain. At a given time, a chain is divided into random parts.
Thus, the distribution of fragments of different lengths P(n,t) is
given by30
∫κ
∂
∂
= − +
∞P n t
t
nP n t yP y t
1 ( , )
( , ) d ( , )
n (5)
The negative term refers to the loss of chains of length n, and
the positive term describes the gain of chains of length n
because of the degradation of longer chains (with lengths more
than n) at a given time t. The coefficient κ takes into account
the fraction of chains that degrade simultaneously at each time,
practically defining the time scale. The initial distribution of
chains at t = 0 is assumed to be monodisperse. This equation is
solved numerically by considering the integral in the right-hand
side Q(n,t) = ∫ n∞dyP(y,t) as a numerical function. This function
is calculated for a given time as a function of n, and then eq 5 is
solved numerically. Typical length distribution functions are
shown in the left column of Figure 2. Initial homogeneous
distribution gradually disperses and shifts to small n.
Core Degradation. Insoluble blocks tend to avoid contacts
with water and favor assembly into the core of the micelle. The
degradation of insoluble blocks makes block co-polymers more
soluble, and this would shift the equilibrium toward smaller
micelles. Assuming that the core of a micelle is a dense and
Figure 2. Length distributions in the random scission (left column) and end evaporation (right column) mechanisms for different degradation rates
κ and initial length of 200.
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homogeneous sphere formed by p co-polymers, the free energy
of the core is given by38
= π σ + πF kT N p p
N
(36 )
3
80
p
core 1/3
c
2/3 2/3
2 5/3
c
1/3
(6)
where σ is the surface tension of a sphere of radius Rc =
(3/(4π)pNc)
1/3a and the second term describes the elastic
contributions arising from the stretching of insoluble blocks in
the core.39 The “effective” surface tension of the core σ
implicitly describes the fact that the insoluble chains tend to
avoid contact with the solvent by forming a dense core. The
lengths of the insoluble blocks Nc depend upon time, and for
each time t, the length distribution is given by the equation of
random scission degradation (eq 5).
Steric repulsion in the corona of the micelles, formed by
soluble blocks, penalizes the formation of large micelles.
Because the soluble block does not degrade, the corona of
micelles is composed of chains of equal length N. The partition
function of a monodisperse star Zp yields the form
40,41
∝ γ −Z Np
1p
(7)
where N is the length of the arm.41 γp values are the universal
critical exponents of the star polymers.42 The numerical values
of γp are known exactly for a wide range of p
43 and, in the range
0 < p < 200, can be interpolated by the power law expression γp
= 1  0.0893(p  1.5)1.68. With this, the free energy of
polydisperse corona is given by
= − = − γ −F kT Z kT Nln ( 1)lnp p p
corona
(8)
Equations 6 and 8 define the free energy of micelles of p co-
polymers and the free energy of individual chains for p = 1. It
allows for the calculation of the size distribution of micelles as a
function of time (eq 3). The results are present in Figure 3a).
The degradation of the core starts when the micelles are
formed (concentration above cmc). The micelles gradually
decrease in size and disassemble. The degradation rate κ is
related to the time step in the degradation equation (eq 5). The
chosen value κ = 0.0003 is low enough to ensure gradual
changes in the size of the micelles. If the rate is higher, the
micelles would disappear faster. In a real experimental situation,
this parameter connects the time step with real time; e.g., κ =
0.0003 signifies that only 3 of 10 000 chains disassociate at one
time step. In experiments, this parameter may vary in a wide
range.
Corona Degradation. The situation is different when the
soluble blocks can degrade while the insoluble blocks are stable.
The cores of the micelles are formed by insoluble blocks, and
the core contribution has the same form as in the previous case
(eq 6); however, Nc remains constant. In turn, soluble blocks
forming corona can now degrade with time, and the corona
contribution changes. Coronas of micelles are formed by
polydisperse arms with the length distribution P(n,t) given by
(eq 5). The partition function of a polydisperse star Zp yields
the form40,41
∝
γ −γ γ −γ
−
γ −γ γ −− − −Z n n n n...p p p1 2 1
1p p p p1 1 2 2 1 1
(9)
where n1 < n2 < ... < np1 < np are the lengths of the
corresponding arms, sorted in ascending order.41 This partition
function leads to the corresponding expression of the free
energy of the corona.
= − γ − γ + γ − γ
+ + γ −
− − −F kT n n
n
[( )ln ( )ln
... ( 1)ln ]
p p p p p
p
corona
1 1 1 2 2
1 (10)
This expression defines, together with (eq 6), the free energy of
the micelles and individual chains in the solution (eq 4). In fact,
the scaling expression of the corona contribution of a micelle
Figure 3. Time evolution of the normalized size distribution pcp: (a)
core degradation above cmc, with σ = 0.81 and κ = 0.0003; (b) corona
degradation above cmc, with σ = 0.81 and κ = 0.01; and (c) corona
degradation below cmc, with σ = 0.75 and κ = 0.01. The initial lengths
of the blocks are N = 200 and Nc = 20, with co-polymer concentration
c1 = 10
6.
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with one arm, Fp = 1
corona = −kT(γ1−1)ln N, corresponds exactly to
the scaling expression of a soluble chain in a solution.42
The resulting size distribution of micelles (eq 3) is shown in
panels b and c of Figure 3 for different times. The effect of
corona degradation is opposite the case of core degradation.
Figure 3b shows the corona degradation kinetics for the same
initial conditions as in Figure 3a when the micelles are formed
for conditions above cmc. Degradation of corona induces self-
assembly of micelles from initially homogeneous solution of
individual chains. Individual chains associate into micelles, and
the distribution of micelles grows. Consequent degradation
leads to the shrinkage of the corona; thus, larger micelles
become more stable, and small micelles become unstable. The
size distribution of the micelles becomes broader with time
because of the increased polydispersity. Further degradation of
hydrophilic blocks would lead to the growth of micelles,
morphological changes18 of the micelle shape, and consequent
bulk phase separation.
Another important effect of corona degradation is the
possibility to induce self-assembly of micelles from the solution
below cmc (Figure 3c). The degradation induces the formation
of micelles from initially homogeneous solution first for small
aggregation numbers. Consequent degradation increases the
number of micelles, the polydispersity, and the average size.
Thus, the degradation influences the cmc, which is time-
dependent (Figure 4). It decreases with time in the case of
corona degradation (red curve) and increases with time in the
case of core degradation (blue curve).
The effect of degradation on the micellization process can be
summarized in the plot showing the position of the maximum
pmax of the size distribution cp (Figure 5). In the case of core
degradation (blue line), the maximum of the distribution moves
to small numbers (see Figure 3a), until the micelles disappear
completely (dashed line), while in the case of corona
degradation (red curve), the size of the micelles increases
(see Figure 3b), until the morphology changes or phase
separation occurs. If the degradation starts below cmc, the self-
assembly into micelles starts at a given time, which depends
upon the rate of degradation κ.
End Evaporation. Random division of a chain is not the
only degradation mechanism of polymer chains. Degradation in
certain chemical reactions and enzymatic degradation may lead
to the gradual decrease of the chains from the ends (chain-end-
activated degradation). The process of loosing the monomers
from the end is described by the following process: P(n,t + 1)
 P(n,t) = κ(P(n + 1,t) P(n,t)), which can be written in the
integral form similar to (eq 5) as
∫
κ
∂
∂
= −
+ δ − −
∞
P n t
t
P n t
y n yP y t
1 ( , )
( , )
( 1)d ( , )
n (11)
where δ is the Dirac function. Using this equation instead of
(eq 5), one can obtain the time dependence of the free energy
of micelles for core and corona degradation. The right column
of Figure 2 presents the kinetics end evaporation degradation.
The starting and final chain-length distributions are very close
for both types of degradations. That is why the micelle
distributions shown for core degradation in Figure 6 also
coincide. The difference is only seen for intermediate times.
However, end evaporation degradation is much slower than
random scission; thus, the rates of degradation differ in this
example 100 times.
Figure 4. Time dependence of the cmc. Parameters are the same as in
panels a and b of Figure 3.
Figure 5. Time evolution of the aggregation number of the maximum
of the size distribution, pmax. Parameters are the same as in Figure 3.
Figure 6. End evaporation kinetics of core degradation in comparison
to random scission. Parameters are the same as in Figure 3a, except the
degradation rate, κ = 0.03.
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In conclusion, the scaling theory of quasi-equilibrium
micellization coupled with the degradation of the blocks
demonstrates that the degradation of hydrophilic blocks can
induce self-assembly of co-polymers into micelles and increase
the size of the micelles, while the degradation of the
hydrophobic blocks destabilizes the micelles, reduces the
equilibrium size of the micelles, and can lead to complete
disassociation of the micelles. It is valid for the random scission
mechanism assumed for degradation mechanics as well as for
the enzymatic (chain-end) scission mechanism. These findings
may suggest the ways of controlled self-assembly and
destabilization of micelles by degradation of the blocks. Our
model does not account for morphological transitions, and we
plan to study them in the future with a more detailed
microscopic theory.44
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